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ABSTRACT

This paper provides further evidence on the appropriateness of the
Dirichlet model for modeling brand choice. A simple estimation proce-
dure is used and the model is tested on consumer panel data for three
product categories (margarine, reqgular coffee and instant coffee).

The results show that a) the model tends to underpredict the proportion
of Tight users of a brand, b) compared to the Hendry model and to the
switching law, it provides an acceptable fit to aggregate switching
data over consecutive choice occasions, and ¢) it gives an adequate
description of the correlation between relative frequencies of choice
across consumers. Consistently with previous studies, the Hendry model
tends to overestimate repeat purchase whereas the switching law, 1ike
the Dirichlet model, does not indicate any systematic deviation in

its predictions of switching behavior.



THE DIRICHLET DISTRIBUTION
AS A MODEL OF BRAND CHOICE :
FURTHER TESTING

Over the past few years, many researchers have assumed that consumers

are consistent with a heterogeneous zero-order process in their brand
choice decisions (see for example, Herniter 1973, Bass 1974a). Runs tests
on the order of the individual choice process generally supports this
assumption (Massy 1966, Dodson 1975, Bemmaor 1978, Jeuland, Bass and
Wright 1980). Consequently, the multinomial distribution has been used

to describe brand choice behavior of individual consumers (Bass, Jeuland
and Wright 1576 ; Ehrenberg and Goodhardt 1976) while the Dirichlet
distribution has been taken as a model of market heterogeneity for brand
choice probabilities. This distribution has been suggested to provide

a theoretical rationale to the "switching law" first noted by Goodhardt
(1966) for TV programs. He found that over a given time period, the
number of viewers of program X who also watched program Y was propor-
tional to the total number of viewers of program Y. Ehrenberg and Goodhardt
(1968) tested this result in a brand choice context and corroborated it.
The "switching law" has also been applied to choice behavior over
consecutive purchase occasions. Formally, it states that aggregate
conditional switching from brand i to brand j is proportional to the

market share of j : p = Kpj where K is a constant (0<K<1l) for all

pairs of brands withi%lzhe same set of competing brands, and P; is the
market share of j. This constant K has been empirically estimated by
averaging the ratios pj)i/pj over all pairs of competing brands. Bass

et al. (1976) suggest another estimation method of K which consists

of computing the ratio Total Switching/(l-z p?). Ehrenberg and Goodhardt
(1976) argue that both estimation methods dre in fact equivalent. This
paper provides further testing of the Dirichlet distribution on a new
data set. In the first section, the mathematics of the model already
shown in Mosimann (1562), Chatfield and Goodhardt (1975}, and Bass,

Jeuland and Wright (1976) are reviewed. In the second section, the



method-of-moment estimators of the parameters are used and the Dirichlet
model is tested along three criteria :

a) fit to the empirical distribution of relative frequencies of choice ;

b) fit to actual switching data : the Dirichlet predictions are
compared to those given by the "switching Taw" and by the Hendry
model. This model is based on a set of premises about individual
brand choice behavior which seem analogous to the multinomial
assumption. A sketchy description of this model is given by Ehrenberg
and Goodhardt (1974) and by the Hendry Corporation (1576) ;

c) fit to the empirical correlations between the relative frequencies
of choice across consumers. The two preceeding alternative models,
the "switching law" and the Hendry model, do not provide theoretical
values for these correlations. Therefore, the Dirichlet predictions

are evalued on their own.

Data

e

The data used in this study are SECODIP consumer panel data for three
product categories (margarine, regular coffee and instant coffee). This
panel includes households who continuously reported their purchases
(date the product was bought, brand chosen, package size, store visited,
price paid and total quantity bought) on a weekly basis. This data
‘involves a total of 38,043 purchase occasions for margarine and 17,385
for instant coffee over a two-year period (1974 and 1975) and 19,416
purchase occasions for regular coffee over the first six-month period

of 1974. There is a total of 1,207 households for margarine, 1,686 house-
holds for reqular coffee and 1,257 households for instant coffee who are
at least one-time buyers of the product class over the two-year period.
Within each product class, the market shares of the major brands varied
substantially from month to month but, in most cases, they did not
exhibit any trend.
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REVIEW OF THE MODELS

Following Bass, Jeuland and Wright (1976), assume that a consumer fis
characterized by a vector of scale utilities [Vl""’vi""’VN+1] which
describes his preferences over a set of (N+1) brands. According to Luce's
axiom (1959), the probability that a consumer will purchase brand i on

a purchase occasion is given by

where the summation is over all values of k (k=1,...,N+1), Vs is
positive and O<61<1. This definition of a probability implies that the
odds ratio between two brands is Andependent of the presence or absence
of non-chosen third alternatives. This is plausible for a market where
brands are highly differentiated, but is questionable in the case

where brands possess similar characteristics. For our purposes, Luce's
theorem can be considered as a first approximation to choice behavior.
Consumers vary in their preferences for brands which is reflected in the
distribution of the vi's over the population. Assume that these vi‘s

are independently distributed and follow a two-parameter gamma distri-

bution with the same scale parameter (a., d. = d) over the population

so that the variability ratio (variance}mea;) is assumed to be constant
across brands (= d). The gamma distribution being quite flexible in its
shape, this assumption is not severely constraining. It follows that
the vector [61,...,8N] is distributed Dirichlet over the population
(Mosimann 1962 ; Rogers and Young 1973) with parameters (al,...,aN+1).
Rogers and Young treated the general case where the vi’s have a
generalized gamma distribution with parameters (ai’di’ei)' But the
increase in complexity in the functional form of the probability
density function of [el,...,eN] is rather substantial, and, at the

present state of the study, does not seem to be warranted.
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The probability density function of the Dirichlet distribution is

given by
N o oa.-1 N dy, -1
i N+1
(8, ,eN>=[{f 8 /F(ai)] (1- ] 85) I(c),
i=1 i=1
N+1
where ¢ = | a; and all ai‘s are positive. Each component 8. has
i=1

a standard beta (aj, bi with bi = c-ai) distribution with the following

mean and variance
@y
E(ej> =< (

[y
~—

and
a, b
Var (6:) = .
2 (1)

Since E(e?) = Var (ei) + E(ei)z, the second moment about zero is
0 a;(1+as)
E(6%) = . (2)
i c(1+c)

The joint probability that a consumer with given brand choice
probability ei buys brand 1 twice over two purchase occasions is ef.
Hence E(e?) is the probability that a randomly chosen consumer buys i
twice over two purchase occasions. With consumer panel data, this
probability may be assessed by measuring the proportion of pairs of
purchases of the product class which are made of two consecutive
purchases of brand i. The first moment about zero of the joint
distribution of 8; and ej is given by

a.iaj
E(919J) = C To) 1 #J (3)

E(eiej) represents the joint probability that a randomly chosen
consumer buys 1 and j over two consecutive purchase occasions.



Note that this probability equals the probability of switching from j
to i since E(eiej) = E(ejei). It can be interpreted as being the
proportion of pairs of purchases of the product class which are made
of two purchases of brand i and brand j. With K = T%E’ equation (3)

becomes

E(8;8;) = K E(8;) E(8;)

£ (4)
where E(ei) and E(ej) are estimated by the market shares of i and j.
Letting XT denote the brand chosen on the T-th purchase occasion, from
(4) we derive the aggregate conditional probability of switching from
i to j over two consecutive purchase occasions

E(eie.)

P(XTH:j\XT:i)=—E—(——e——;—=KE(6j),ii‘-J- (5)
i

This probability is proportional to the market share of j. For a given
market share, it will be all the larger as K is large which led Bass,
Jeuland and Wright (1976) to interpret K as a "brand loyalty" factor.
The closer K is to zero, the higher the loyalty. Here the concept of
Toyalty solely involves the choices over two consecutive purchase
occasions. It essentially reflects the distribution of choice proba-
bilities across the population. As K moves closer to zero (c tends to
zero), this distribution becomes more U-shaped.

From (2), we derive the conditional probability of repurchasing brand i

L))
= 1|XT e = (1-K) + K E(8;).
E(6,)

P(X

The conditional probability of repurchasing brand i is a linear
function of the market share of i which implies that large brands will
have (in theory) larger conditional probabilities of repurchase (O<K<l)
than small brands within the same set of competing brands.



Bass et al. (1976) showed that at the aggregate level, "the T-th step
transition probabilities will depend on the entire (purchase) history".

By definition, the correlation coefficient between 61 and ej, 0i;5 is
equal to
_ E(619j) = E(e,l) E(SJ) ,
p‘ij =
JVar(ei)‘JVar(ej)
Using (1) and (3), we find
. a3 ' (6)
gt (c-ap) (c-a.)
1 J
Expressed in terms of E(8,) and E(ej), (6) becomes
E(ei> E(ej)
p'ij = - \ (7)
[l—E(ei)] [1-E(8j)]

since Var(ei) = (1-K)E(8;) [l—E(ei)].

In total, this model involves the estimation of (N+1) independent
parameters for a (N+1) - brand market. These parameters are the
components of the vector [al,az,...,aN+1],



ESTIMATION OF THE PARAMETERS AND TEST OF THE MODELS

Assuming that the vector [61"“’6N] follows a Dirichlet distribution
with parameters (al,...,aN+1), let E(ei) and E(e%) be the first and
second moments about the origin for 6. Then, we have (see proof in the

Appendix)
.
E(0.) [E(87) - E(85)]

e SUSIEE 4= 1,2, N (A.3)

! Var(6,)
and

E(ey) - E(8])
ayeg = (1. 7 E(8;) (A.4)
j<N+1 Var(eq) '
2

Replacing E(el), E(el) and E(ei) in (A.3) and (A.4) by the sample
estimates, we obtain the method-of-moment estimates of CHPPL R
These estimators are consistent but not generally efficient compared
to the maximum likelihood (ML) estimators which are consistent,
asymptotically normal and asymptotically efficient (Rao 1973, p.351).
They are quite simple to compute by comparison with the ML estimators?
These parameters were estimated for the main national brands in the
margarine, regular coffee and instant coffee markets. These estimates
are shown in Table 1. Note that for all brands, these estimates are

in the interval ]0,1[ which implies that the beta distributions are
U-shaped. This result is consistent with other studies of purchase
probabilities (see, for example, Kalwani and Morrison 1977a). Once the
parameters have been estimated, the Dirichlet distribution has been
tested along three criteria :



2.

 Eiwst validation eniterndion s Fit to the distribution of the relative

frequencies of choice

As shown in Figure 1, the beta distribution consistently underestimates
the proportion of light buyers of the major brands. This discrepancy
does not seem to be due to the estimation procedure since the ML
estimates for each brand are similar to the method-of -moment estimates.
Assessing the fit of the Negative Binomial Distribution, Schmittlein
and Morrison (undated) also underpredict the proportion of zeros.

The discrepancy might be alleviated by including a mass point at zero
for the beta distribution (see for example, Jones 1973).

Second validation caiterion : Fit to actual switching matrices

Actual and theoretical conditional switching were compared across all
three product categories. Because of space Timitations, only the
switching matrix for margarine is shown in Table 2. The Dirichlet
model underestimates repeat purchase for all six brands studied?
These predictions are now compared to those given by the "switching
law" and by the Hendry model.

The "switching law" has received strong empirical support (see, for
example, Ehrenberg and Goodhardt 1974, Bass, Jeuland and Wright 1976,
and Rubinson, Vanhonacker and Bass 1980). Formally, it states that
aggregate conditional switching from brand i to brand j is proportional
to the market share of j

Dj“=KDj, i# 7.
This relationship implies that the aggregate joint switching probability
is

Pi,y = KPP
which is analogous to (4). Using simple algebra, we derive the value
of K,



where the summations are over all brands in the market. K may be
estimated by using total switching for the numerator and market share
data for the denominator. Actual and theoretical switching for
margarine are compared in Table 2. The fit is better than that of

the Dirichlet model since the model does not exhibit any systematic
discrepancy from actual switching.

The empirical implications of the Hendry model are similar to those

of the Dirichlet model and of the switching law. In particular, the
aggregate switching predictions over two consecutive purchase occasions
are equivalent to those of equation (4) where the theoretical K,
denoted by KW in Hendry terminology, i1s now equal to

£n being the neperian logarithm. Replacing P by the market share

of i, one only needs market share data to predict switching and
repeat purchase. As indicated by Ehrénberg and Goodhardt (1974),

the numerical value of KW depends on two factors, the numben of
brands in the market and the size 0§ the share of the leading brand.
According to these authors, KW takes on a maximum numerical value of
about 0.54, the largest values occuring when the number of brands

is small and the share of the leading brand is large. In theory, K,
varies within the interval 10,1[ which might explain some cases where

the Hendry model does not fit the switching data?
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For the margarine market, K, computed from formula (8) equals 0.352.
Actual and theoretical switching in the margarine market are compared
in Table 2. Similarly to the Dirichlet model, the Hendry system
underestimates repeat purchase.

The performance of each model across product categories is summarized
in Table 3 where the percentage point deviations from actual are
shown. As indicated previously, the discrepancies are small, the
maximum deviation being 1.85 percentage point. For the Dirichlet model
and the switching law,no systematic deviation in the sign of these
deviations emerges across product categories which is consistent with
previous results (see, for example, Jeuland 157S). On the other

hand, the Hendry model tends to overestimate repeat purchase which
corroborates the results found by Ehrenberg and Goodhardt (1974).

Overall, all three models give a fairly good fit to actual switching.
The performance of the "switching law" compared to that of the two
other models is not surprising since it includes one additional
independent parameter, that is K. The test which consists of
predicting the switching matrix tends to give a slight edge to this
“switching law" against the other two models. The reason for including
this "law" within the set of models is to assess the marginal impro-
vement in fit due to this parameter K? The Hendry model tends to
overestimate repeat purchase. Butler and Butler of the Hendry Corpo-
ration might argue that this discrepancy shows that the .brands do

not belong to the same partition, which might lead someone to wonder
about the degree of falsifiability of the model. Given that K, is
computationally bounded to a 0.54 value, cases may occur where the poor
fit is simply due to a poor estimator of KW rather than to a Tack of
representativeness of the model. The larger the parameter c is (in the
limit, as ¢ tends to infinity, K tends to 1), the poorer the fit of
the Hendry system is. As ¢ increases, the beta distribution becomes
more and more humped. Luckily, this does not seem consistent with

most of the evidence (usually a; and bi are between 0 and 1 so ¢ is
between 0 and 2).
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For the Dirichlet model, the test used here is quite stringent since

no single figure form the switching matrix is used in estimating the
parameters of the model. Therefore, this model performs quite well
compared with the Hendry system which is based on market share data
taken from the switching matrix, and with the “switching Taw" which, in
addition, uses total switching. Its advantage over tpis

Taw" is that it provides a theoretical rationale to the empirical
observations. Contrary to the Hendry model, the constant K takes on
values within the closed interval [0,1]. It makes explicit assumptions
about the form of heterogeneity in the population : whether the
distribution of the relative frequencies is U-shaped, humped, J-shaped
or inverted J-shaped, depending on the values of the parameters a;
and ¢ (Johnson and Kotz, 1970).

. Thind validation crniterion : Fit to the correlations between relative

frequencies of choice

The expression for the correlation between brand choice probabilities
shown in (7) is tested on the three product categories. Out of a
total of sixty six comparisons between actual and predicted pairwise
simple correlation, we found that, using the z-transform, only one
difference was significant at the 5 per cent significance level

(Rao 1973, p.434). Because of space limitations, these correlations are
not shown here. In Table 4, the average correlations between relative
frequencies of choice are compared to their theoretical values for
the main national brands in each market. Across product categories,
the model does not exhibit systematic discrepancies (nine underpre-
dictions vers twelve overpredictions). The fit is fairly good : the
average deviation from actual equals 9 per cent of the actual

correlation.

Overall, the Dirichlet model provides a fair description of market
heterogeneity. It tends to underestimate the proportion of light buyers.
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Tested on switching data,'it was compared to the "switching law" and
to the Hendry model. Both of these models do not make explicit
assumptions about market heterogeneity, and therefore were not tested
further. For the three product categories under study, the Hendry
model tends to overestimate repeat purchase whereas the Dirichlet model
and the switching law do not indicate any systematic deviation from
actual switching.
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CONCLUSTON

The fit of the switching law is generally good : for the three

product categories under study, the theoretical values were in close
agreement with actual switching. The Hendry model seems less flexible
than the Dirichlet model to the extent that the switching constant K,
as estimated in most publications discussing this model, cannot take

on numerical values larger than 0.54. Since KW should theoretically
belong to the interval ]0,1[, the entropy-based estimator does not seem
appropriate. This Hendry model indicates systematic discrepancies in
its predictions. The Dirichlet model compare favorably to both
alternative models when tested on switching data. However, it tends

to underestimate the proportion of light buyers of a brand. Its
predictions of the correlations between relative freguencies of
choice across consumers are adequate.

The main purpose of using such models is to reduce vast amounts of
data such as consumer panel diaries to a smaller set and still be
able to recover the original data with a fairly good degree of
accuracy. Their managerial significance might be argued since policy
variables are not included. But, they allow to specify equilibrium
market conditions. The Dirichlet model is a simple, flexible,
empirically-based choice model. Even though market aggregates did
actually fluctuate from month to month, the Dirichlet model -with the
assumptions of stationarity and constant individual probabilities of
brand choice- still predicted aggregate choice fairly well. Further
testing of this parsimonious model under a wider range of conditions
is still needed. Decision variables might also be integrated into this
stochastic modeling framework to increase its practical relevance.
Work along this line is currently under way. We might safely predict
that the inclusion of these variables will not add much to the overall
goodness of fit of the Dirichlet model. To some extent, purchase
probabilities already contain decision variables in themselves. The
explicit allowance for managerial control might help the researcher
better understand the formation of these purchase probabiiities.



FOOTNOTES

. This derivation follows the proof by Fielitz and Myers (1975) for the
bivariate case.

. Jeuland (1979) suggests a maximum 1ikelihood estimation procedure of
the Dirichlet model based on aggregate switching data. This method was
applied to this data set and yielded the following parameter vectors :
[.145, .051, .021, .004, .037,°.097]1 for margarine, [.074, .038, .012,
.014, .013, .015, .024, .010, .435] for regular coffee and [.096, .147,
.054, .031, .03%, .046, .071, .121, .236]1 for instant coffee. The
estimated K values are 0.332, 0.384 and 0.454 for each market respecti-
vely (IiMSL 1977). These parameters are of the same order of magnitude
as the method-of-moment parameter estimates. '

. The fact that a model exhibits systematic deviations is not by itself
a bad thing to the extent that the deviations are really syste-
matic. Estimates of lower (or upper) bounds to repeat purchase might
be, in some cases, managerially useful. The hard question is to find
out whether the deviations are systematic by nature (or by chance).

It might also be argued that formula (3) for Ky is mathematically
incorrect since it leads to bounded empirical values by comparison to the
theoretical range of values. As no complete information on the Hendry
model has been published, this argument is rather difficult to support.

. One might contend that all three medels are in fact the same since

they all reduce to the same analytical form (4). Kalwani and Morrison
(1977) argue that the Dirichlet model and the Hendry model are analogous.
In a comment, Ehrenberg and Goodhardt (1979) showed that the Hendry

model is quite distinct from the switching Taw since no empirical
switching intervenes in the computation.
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Table 2  Actual and Theoratical Condiriomal Switching Within the Margarine Market (38,043 Purchase Occasions)

M M2 M3 M4 M5 w6~ Togal”

M1 .847° .037 016 .004 .025 .081 1.000
(7903 (.054) (.019) (.004) (.039) (.089) (1.000)

[.8451° [.0381 [.016] [.003] [.027] [.071] [1.000]

(.803)7 (.048) (.020) (.004) (.035) (.090) (1.000)

w2 . 104 798 .015 .003 .039 041 1.000
(.148) (.700) (.019) (.004) (.039) (.089) (1.000)

[.t07] (.776] [.016] [.003] {.027] [.071] (1.000]

(.136) (.718) (.020) (.004) (.035) (.090) (1.000)

3 .101 .036 748 .006 .015 .095 1.000
(.148) (.054) (.665) (.004) (.039) (.089) (1.000)

f.107] [.038] [.754] {.003] [.027] [.0711] 1,000

(.138) (.048) (.588) (.004) (.035) (.090) (1.000)

A 130 .030 015 .693 .000 1118 1,000
(. 148) (.054) (.019) (.651) (.039) (.088) {1.000)

{.1071] [.038] [.018] [.761] [.027] [.0711 [1.c00]

(.138) (.068) (.020) (.673) (.035) (.990) {1.000)

M5 .093 .051 .006 .001 .782 067 1.000
(.148) (.054) (.019) (.004) (.685) (.088) (1.000)

[.107] [.038] 1.016] {.003] [.765] [.071] {1.000]

(.136) (.048) (.020) (.004) (.702) (.090) (1.000)

V6 122 .022 .020 .004 .027 .305 1.000
(.143) (.954) (.019) (.004) (.039) (.735) £.000)

[.107] [.038] [.016] [.0031 [.027] [.309] [1.000]

(.136) (.048) (.020) (.004) (.035) (.738) (1.000)

all other brands

Some percentages may aot add to 1.0 because of rounding errors

L)

34.7 7 of the pairs of purchases which started with brand M1 anded with brand M!

£,

Predictions of the Dirichler model (K = .3534)

o

Pradiccions of the switching law (K = ,252)

Pradictions of the Hendry model (K, = .332)
w



- 18 -

(papniout ,spueaq 4ayjo |le,) sseld 3onposd {oes ULULLA PBLPNIS Spuedq JO J43qunu a3yl Aq uaalb ade siybram oyl

g

[9PoW 13 (Y21l BY} 404
uotj4odoad [enyoe a8yl 01 Aotdajut jurod abejusduad 1°7 st aseyound jeadsd [enjde WOLL UOLIRLASP ue3W By} »

glenjoe
wWoAd4 UOLIRLABP

0" - I + 00" + 10" - 00" - 10" + JuLod ebrausdaad
ueal pajybLam
€ - $8°1 + 00" + £€0° - 21 - /6 + 99JJ02 juelsuj
10" - 60" + 00" + 10" - 20" + e - 924400 Je[nbay
[T+ 68" - 00" + 00" -~ oh o1°1 - autaebaey
aseyound aseyound aseyound
buryoyimg 1eaday ButyozLms 1eaday butyoy ims 1eaday
AJapusy Me| buryorimg 19 YotaLq LS SRl

$91406830) 30Npodd SSOUDY

aseyoungd jeaday pue BULYDILMS [en3oy WOAJ UOLIRLA3Q JuULOd 8beiuaduad uesy

€ @lqel



- 19 -

Table 4  Average Actual and Theoretical Simple Correlations
Between the Relative Frequencies of Choice
Average Margarine
Correlation
M1 M2 M3 M4 M5
Actual -.2526%  -.1617 -.1116 -.0583 -.1518
Dirichlet (—,2396)o (-.1652) (-.1022) (-.0523) (-.1425)
Regular coffee
Averags
Correlation
RC1 RC2 RC3 RC4 RC5 RCE RC7 RC8
Actual -.0436 -.0321 -.0221 -.0292 -.0273 -.0316 -.0339 -.0295
Dirichlet (-.0593) (-.0364) (-.0264) (-.0313) (-.0339) (-.0332) (-.0372) (-.0293
Instant coffee
Average
Correlation
IC1 IC2 IC3 Ic4 IC5 IC6 IC7 IC8
Actual -.950 -.1210 -.0732 -.0622 -.0590 -.0798 ~-.0895 -.1133
Dirichlet (-.1055) (-.1193) (-.0711) (-.0582) (-.0613) (-.0712) (-.0925) (-.1136

2 The average actual correlation across consumers between the relative frequency
of choosing brand Ml and the relative frequency of choosing another of the five
major margarine brands is -.2526. :

Y Theoretical correlation in parentheses.
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APPENDIX

DERTVATION OF THE METHOD-OF-MOMENT PARAMETER
ESTIMATORS OF THE DIRICHLET DISTRIBUTIONl

Assume that the distribution of [el,...,e.

1,...,GN] over the population

is Dirichiet with parameters (a;,....a;,...,ay,;) and ) 8y =1
N+1 !
Let ) a; = c. The means and second moment about the origin are given by
i=1
a
- 21
r_(el) = "'C_
%
E(ei) == i =2,...,N,
and
a,(l+aq)
£(ef) = L
c(l+c)
Therefore
a a. a
GRS UUPU (A.1)
E(8) E(8;) E(8),)
and
E(8,)° (l+ay)
2 1 1
E(el) =



Therefore
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£(8))[E(8)) - £(6%)]

aj = . (A.2)

Var(el)

From (A.1) and (A.2) we derive

c
Hence

a
and
a

N+l T C T <C'aN+l>

Replacing E(el), E(e2

1

A a ey - £(6%)
E(s;) E(8)) Var(s,)
£(6;)[E(8;) - E(85)] T
= s 1=l,45.00.,N,
Var(el)
2 2
_ E(Gl) - E(el) ) Z E(ej)[E(eﬂ - E(@l)]
Var(el) F<N+1 Var(el)
E(8;) - E£(8%)
( - E(61)> (A.4)
§<N+1 Var(e,)

) and E(ei) in (A.3) and (A.4) by the sample

estimates, we obtain al,...,aN+1.
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